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We show how arbitrary unit cells of one-dimensional periodic materials can be represented as
graphs whose nodes represent atoms and whose weighted edges represent tunneling connections
between atoms. Further, we present methods to calculate the band structure of a material with
an arbitrary graphical representation, which allows one to study the Fermi level of the material
as well as the conductivity at zero temperature. We present results for both circular chains as
well as randomly-generated unit cell structures, and also use this representation to show that the
connectivity of the unit cell is not correlated to its band gap at half filling. This paper provides an
introductory insight into the utilization of graph theory for computational solid-state physics.

I. INTRODUCTION

The field of solid state physics is characterized by the
study of materials and the emergence of their properties
from the atomic scale. The task is made difficult by the
extremely large numbers of atoms in macroscopic sys-
tems, resulting in the the need for approximations or the
exploitation of certain simplifying properties. A large
class of materials, such as crystals and polymers, ex-
hibit an important property called periodicity, whereby
the atoms and/or molecules are arranged in a repeat-
ing periodic pattern. This periodicity may occur in one,
two, or three dimensions. Knowing a material is periodic
can simplify the calculation of its properties by dividing
the material into its smallest, identical repeating sections
called unit cells.

One of the most important properties of materials is its
electronic structure, and in particular, its electronic band
structure. The electronic band structure of a material de-
notes the various energy levels, as a function of wave vec-
tor, that electrons in the material may have. The theory
of band structures has formed the basis for understand-
ing electronic and optical properties of materials, as well
as the development of electronic devices such as semi-
conductors [1]. For many simple periodic materials, the
tight-binding approximation along with Bloch’s theorem
and a suitable diagonalization procedure (see Sec. IIA) is
sufficient to compute the band structure. For more com-
plex materials, more advanced methods such as density
functional theory [2] become useful.

In this project, we study one-dimensional periodic ma-
terials using the tight-binding method. Here, the one-
dimensional restriction means that the material repeats
itself along one direction; however, the atomic arrange-
ment in each individual unit cell may themselves span
two or three dimensions. We show how an arbitrary unit
cell can be represented as a graph, which is a mathemati-
cal structure describing the relationship between objects
(see Sec. II B). This representation can then be used to
calculate the band structure as well as other properties
such as the Fermi level or band gap of real materials, or
to theoretically examine relationships between arbitrary
unit cell structures and the electronic properties of the

corresponding material. In this study, we limit ourselves
to non-interacting systems at zero temperature. While
graph theory was considered by Bradlyn et. al [3, 4] as a
way to enumerate constraints imposed by crystal symme-
tries, in this project we provide a more simple and direct
analogy between the fields. Overall, graph theory is a
powerful computational tool whose usage in solid-state
physics is deserving of further research and utilization.

The paper is organized as follows: In Sec. II, we provide
background information on the tight-binding method as
well as basic graph theory definitions that are sufficient
to understand the results of this paper. In Sec. III, we
discuss the connection between graph theory and band
theory, and in Sec. IV, we present numerical results for
various unit cell structures.

II. BACKGROUND

A. Tight-Binding Method

In this section, we outline the tight-binding method
used to compute the band structures of one-dimensional
periodic crystals. The material is taken from Ref. [5].

The central idea behind the tight-binding method is
to approximate the wave function on a lattice structure
to be a linear combination of localized orbitals |n⟩ ≈
ϕ(r⃗ − r⃗n) to each atom n:

ψ =
∑
n

ψn |n⟩ . (II.1)

Applying the time-independent Schrödinger equation
for Hamiltonian H which describes the system, and mul-
tiplying from the left by ⟨m| (which represents a localized
orbital around atom m) we have

Hψ = Eψ

⇒
∑
n

ψnH |n⟩ = E
∑
n

ψn |n⟩

⇒
∑
n

ψn ⟨m|H|n⟩ = E
∑
n

ψn ⟨m|n⟩ . (II.2)
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Now, we apply the assumption that each orbital |n⟩ is
approximately localized around atom n, meaning there is
approximately zero overlap between the orbitals around
atoms n and m. This means that {|n⟩}, the set of all
localized orbitals, represents an orthonormal basis:

⟨m|n⟩ =
∫
d3rϕ∗(r⃗ − r⃗m)ϕ(r⃗ − r⃗n) ≈ δm,n. (II.3)

Eq. (II.3) is called the tight-binding approximation and
it holds very well for most systems [5]. Additionally, we
define

⟨m|H|n⟩ ≡ tm,n (II.4)

to be the tunneling or hopping amplitude between sites
m and n. This represents the probability that an elec-
tron can tunnel between atoms m and n. Since H is
Hermitian, we have |tm,n| = |tn,m|, as physically ex-
pected. When m = n, we call tn,n ≡ vn the self-energy
of the atom. Substituting Eq. (II.3) and Eq. (II.4) into
Eq. (II.2), we have

∑
n

tm,nψn = E
∑
n

ψnδm,n

= Eψm. (II.5)

Eq. (II.5) is called the tight-binding equation. It de-
fines an eigenvalue equation and reduces the problem of
finding the allowed energy levels E of the electrons to
the problem of diagonalizing the matrix tm,n that de-
fines the hopping amplitudes between the atoms and the
self-energies of the atoms.

Materials may have extremely large numbers of atoms.
We would like to exploit the periodic nature of many
materials to reduce the complexity of the problem. This
is done through Bloch’s theorem, which states that for a
periodic material with potential V that has periodicity a,
i.e. V (x+a) = V (x), the electronic wavefunctions satisfy

ψ(x+ a) = eikaψ(x). (II.6)

Therefore, the wavefunction of a particle in a given
unit cell can be related to that in an adjacent unit cell,
and the electronic structure problem can be solved by
considering only a single unit cell.

B. Graph Theory

In this section, we outline some relevant basic defini-
tions in graph theory. We point the interested reader to
a reference such as [6] for more information.

A graph is a mathematical structure consisting of a
network of nodes (also known as vertices) that are con-
nected by lines called edges. More formally, a simple

FIG. 1. Left: example of a simple graph with 5 nodes and 8
edges, one of which is a loop. Right: example of a weighted
graph with 5 nodes.

graph G is a pair G = (V,E) where V is a set whose
elements are called vertices and E is a set of unordered
pairs {v1, v2} where v1, v2 ∈ V . The elements of E are
called edges and represent pairwise relationships between
nodes of the graph. A loop is an element of E of the form
{v1, v1}, i.e. an edge connecting a node to itself. A simple
example of a graph is shown in Fig. 1 on the left.

A graph is called connected if it cannot be written as
the union of two graphs. Intuitively, this means that
there are no isolated vertices or subgraphs in the graph;
a path through the graph may be formed between any
two vertices.

An important alternative representation of a graph is
called its adjacency matrix. If the N nodes of a graph
are labeled from 1 to N , then the ij-th entry of the ad-
jacency matrix aij is defined to be 1 if {vi, vj} ∈ E and
0 otherwise. Clearly, the adjacency matrix for a simple
graph must be symmetric: {vi, vj} ∈ E ⇒ {vj , vi} ∈ E
because the pairs are unordered.

A directed graph (or digraph) is a graph whose edge set
E consists of ordered pairs rather than unordered. This
means that the edges between nodes may have a specified
direction from one node to the other. Further, a weighted
graph is a graph in which a number called a weight is as-
signed to each edge. An example of a weighted graph can
be seen in Fig. 1 on the right. In the case of a weighted
graph, the entries of the adjacency matrix take on the
values of the weights rather than 1. The existence of di-
rected edges may break the symmetry of the adjacency
matrix. Finally, the eigenvalues of the adjacency matrix
are often called the spectrum of the graph.

III. CALCULATING BAND STRUCTURES
WITH GRAPHS

In this section, we explain how graph theory can be
used along with the tight-binding method to model pe-
riodic chains with arbitrary unit cells and compute their
electronic band structure.

Recall from Sec. II A that the problem of electronic
band structure can be solved by considering only a single
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unit cell of the material. Further, to find the energy
bands, we must specify the tm,n matrix and compute its
eigenvalues. In this project, we use a graphical structure
to represent a unit cell of a material that is periodic in
one dimension. The representation is defined using the
following procedure.

Procedure 1: Representing periodic materials
with graphs.

1. Determine the two outer atoms which connect a
unit cell to adjacent cells. Label the leftmost atom
as atom 1 and the rightmost as atom m.

2. Label the remaining atoms in the unit cell from 2
to N , where m ≤ N is not included.

3. Define the node set of the graph as a one-to-one
correspondence to the set of atoms in the unit cell:
V = {v1, . . . , vN}.

4. For each tunneling connection between atoms i and
j within the unit cell, define an edge {vi, vj} in the
edge set of the graph. These are all undirected
edges.

5. Define the weight of the edge {vi, vj} connecting
nodes i and j to be the tunneling amplitude be-
tween atoms i and j: w(ij) = ti,j .

6. For any atoms with nonzero on-site energies, define
a loop on the corresponding graph node with weight
corresponding to the on-site energy of that atom:
wii = vi.

7. Introduce an additional directed edge from node m
to node 1 with weight eika where a is the periodicity
of the material.

8. Introduce an additional directed edge from node 1
to node m with weight e−ika where a is the period-
icity of the material.

The adjacency matrix of the resulting graph will then,
by construction, be equal to the matrix tm,n, whose diag-
onalization then gives the energy bands of the material.
In general, the graph is a weighted digraph. However,
before step 7, it is a weighted simple graph, as only the
edges defined in steps 7 and 8 are directed. These two
entries of the adjacency matrix break its symmetry and
instead make the matrix Hermitian as the weights are
complex conjugates of one another. Further, the graph
must be connected. We limit ourselves to the case where
adjacent unit cells are connected by a single atom (atom
1 on the left and atom m on the right).

The main benefit of this representation is that it can be
used to represent any arbitrary unit cell: It may have an
arbitrary shape and number of atoms as well an arbitrary
set of tunneling amplitudes and set of on-site energies.
The graphical representation then provides an efficient
and generalizable method for numerically storing these

FIG. 2. Left: Graph drawing of the unit cell of a circular chain
of 45 atoms with unit hoppings and zero on-site energies. In
white is the node labeling. Right: Computed band structure
of the material through the Brillouin zone. In dashed black
lines are the Fermi levels for various electron fillings, where n
represents the number of electrons in each unit cell.

configurations. Further, results from spectral graph the-
ory (see, for example, Ref. [7]) on the adjacency matrix
of the graph immediately apply to the energy bands of
the material.

IV. NUMERICAL RESULTS

For this project, we provide a simple algorithm to com-
pute the band structure of a material given an input
graph representing a unit cell of the atom. In addition,
we provide an algorithm to compute the Fermi level and
band gap of a material for various electron fillings. We
adopt the definition that the Fermi level is equal to the
chemical potential at zero temperature. The code for the
algorithms can be found on GitHub [8]. We used the
NetworkX Python package [9] to work with graphs.

In this section of the paper, we outline some numerical
results which exemplify the usage of this method. We
start with simple circular chains of arbitrary numbers
of atoms and then proceed with more complex random
graphs. Note that in all presented graph drawings, the
displayed graph represents a single unit cell of the peri-
odic material.

A. Circular Chains

A circular chain of atoms is a lattice in which each unit
cell contains N atoms connected with nearest-neighbour
hopping and periodic boundary conditions.

First, we consider the simplest case of uniform hop-
ping amplitudes and zero on-site energies. We show the
results, including the graph drawing, the band structure
calculation, and various Fermi level calculations, for a
relatively large number of N = 45 atoms per unit cell in
Fig. 2.

https://github.com/robertgerstner/BandStructureGraphs
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FIG. 3. Graph drawing and band structure for a circular
chain of 10 atoms with hoppings alternating between -1 and
-2 and zero on-site energies.

FIG. 4. Graph drawing and band structure for a circular
chain of 10 atoms with hoppings and on-site energies ranging
from −1 to −10.

We now consider a few more interesting cases of cir-
cular chains. In Fig. 3, we consider hoppings alternating
betwen −1 and −2. We find that the band structure has
similar shape but with a much larger band gap for elec-
tron half-filling. In Fig. 4, we consider linearly increasing
hopping amplitudes and on-site energies. We find that
the bands become nearly flat in this case. This is a no-
table result as flat bands are of great interest in current
condensed matter physics due to their interesting topo-
logical properties [10]. Finally, in Fig. 5, we consider
hoppings and on-site energies chosen at random in the
range [−1, 0].

B. Random Structures

The true power of this method is revealed in the
ability to represent unit cells of arbitrary complexity.
We demonstrate this through the calculation of band
structures of completely random unit cell structures.
We generate random unit cell graphs via their adjacency
matrix using the following procedure:

Procedure 2: Random unit cell generation.

1. Define an N ×N matrix with element magnitudes
randomly chosen from the range [0, 1] with some

FIG. 5. Graph drawing and band structure for a circular
chain of 10 atoms with hoppings and on-site energies drawn
randomly between 0 and −1.

density d, 0 < d ≤ 1. Here, d represents the per-
centage of matrix elements that are nonzero.

2. To ensure the matrix is symmetric, extract the
upper triangular portion including the diagonal.
Then, extract the upper triangular portion not in-
cluding the diagonal, take the transpose, and add
it to the previously-extracted upper-triangular ma-
trix.

3. Check if the resulting adjacency matrix corre-
sponds to a connected graph. If not, repeat the
process.

4. Insert terms of the form eika and e−ika into corre-
sponding entries to satisfy Bloch’s theorem.

5. Compute the band structure, Fermi level and/or
band gap.

We exemplify this procedure in Figs. 6 and 7 forN = 6
and N = 15 respectively. Using the SciPy module, we
can also specify the sparsity of the generated adjacency
matrix, which controls how many pairwise connections
are in the unit cell. In particular, the density d specifies
the fraction of matrix elements that are nonzero. For
the smaller chain of 6 sites in Fig. 7 we chose a density
of 0.70, and for the larger chain of 15 sites in Fig. 8
we chose a density of 0.20. Using the band structures,
we can determine whether the material is conducting or
insulating at half filling based on whether the Fermi level
lies in a band gap.

To conclude this section, we use the graphical
representation to study the relationship between the
connectivity of a material’s unit cell and whether it
conducts or insulates at zero temperature and half
filling. Here, half filling means one electron per atom
contributes to the filling of energy levels. The connectiv-
ity of a unit cell can be represented by the density of its
associated adjacency matrix. We collected data for 1000
randomly-generated unit cells of 10 atoms with matrix
densities ranging from 0.10 to 1.00 and found the band
gap at half filling for each. In this case, a band gap of
zero indicates conductivity at zero temperature, while a
nonzero band gap indicates insulation. The results are
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FIG. 6. Graph drawing and band structure for a random
chain of 6 atoms with matrix density 0.70. At half filling, the
Fermi level lies in a band, and so this hypothetical material
would have nonzero conductivity.

FIG. 7. Graph drawing and band structure for a random
chain of 15 atoms with matrix density 0.20. At half filling, the
Fermi level lies in a band, and so this hypothetical material
would have nonzero conductivity.

shown in Fig. 8. We find that there is no relationship
between the connectivity of the unit cell and its band
gap.

FIG. 8. Relation between the band gap of a hypothetical
material at half filling and the density of its associated adja-
cency matrix. 1000 random 10-node graphs were generated
with 0.1 ≤ d ≤ 1 and used as data points.

V. CONCLUSION

We showed that graphical structures can be used to ef-
fectively represent unit cells of one-dimensional periodic
materials and to compute and study the associated band
structures. The method permits unit cells of arbitrary
structure, which may benefit in the study of theoreti-
cal relationships in band structures or for studying novel
complex materials. Further research could involve ap-
plying theorems from spectral graph theory to determine
more efficient diagonalization methods or to reveal deeper
connections between the fields. Additionally, the versa-
tility of graphs makes generalization to two- or three-
dimensional periodic materials possible. The method
could also be applied to computing phonon dispersion re-
lations under the harmonic approximation [5]. Overall,
this paper provides an introduction to the applicability
of graph theory as a computational tool for solid-state
physics.
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